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THE SUPER FIXED POINT PROPERTY FOR 
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS 

ANDRZEJ WISNICKI 



f^i ■ Abstract. We show that the super fixed point property for nonex- 

CNI \ pansive mappings and for asymptotically nonexpansive mappings in the 

!—( ■ intermediate sense are equivalent. As a consequence, we obtain fixed 

point theorems for asymptotically nonexpansive mappings in uniformly 
nonsquare and uniformly noncreasy Banach spaces. The results are gen- 
eralized for commuting families of asymptotically nonexpansive map- 



1. Introduction 
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The classical problem in metric fixed point theory, a branch of fixed point 
theory which emerged from the Banach contraction principle, is concerned 
with the existence of fixed points of nonexpansive mappings. Recall that a 
mapping T : C — > C is nonexpansive if 

> ■ 

lO ■ \\Tx-Ty\\ < \\x-y\\ 

CO ' 

\Q \ for all x,y G C. A Banach space X is said to have the fixed point property 

(FPP for short) if every nonexpansive self-mapping defined on a nonempty 
bounded closed and convex set C C X has a fixed point (see [2j [TOj [TT]). 
One of the natural and extensively studied generalizations of nonexpansive 
mappings was introduced by Goebel and Kirk [9J. A mapping T : C — >■ C 
is said to be asymptotically nonexpansive if there exists a sequence of real 
numbers (k n ) with lim n k n = 1 such that 

U\ \\T n x-T n y\\<k n \\x-y\\ 

for all x,y G C and n G N. 

Let B be the closed unit ball in £2 and set 

T(x 1 ,x 2 , x 3 , ...) = (0, xj, a 2 x 2 , a 3 x 3 , ...), 

where (xi, x 2 , x 3 , ...) G B and (o n ) is a sequence of reals in (0, 1) such that 
]\™ =2 a n = \. Then 

\\Tx — Ty\\ < 2\\x — y\\ 
and 



\T n x-T n y\\ <2\\ ai \\x~y\ 



=2 
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2 ASYMPTOTICALLY NONEXPANSIVE MAPPINGS 

(see j9]). This shows that the class of asymptotically nonexpansive map- 
pings is wider than the class of nonexpansive mappings. 

In spite of the common belief that asymptotically nonexpansive mappings 
share a lot of properties of nonexpansive mappings, there exist relatively 
few results concerning the existence of fixed points for such mappings. The 
original result from [9] stating that asymptotically nonexpansive mappings 
have the fixed point property in uniformly convex spaces was generalized 
in [22] when X is nearly uniformly convex, in [IT] when X satisfies the 
uniform Opial condition and in [15] when X has uniform normal structure. 
It is still unknown whether normal structure implies the fixed point property 
for asymptotically nonexpansive mappings acting on a convex and weakly 
compact subset of a Banach space X. Until now, the situation has been 
even worse in Banach spaces without normal structure. 

In 1998, Kirk, Martinez Yanez and Shin [16] showed that if X has the 
super fixed point property for nonexpansive mappings (i.e., every Banach 
space finitely representable in X has FPP), then every asymptotically non- 
expansive mapping defined on a bounded closed and convex subset of X 
has approximate fixed points, i.e., there exists a sequence (x n ) such that 
lim n \\Tx n — x n \\ = 0. In the present paper we strengthen this result by 
showing, in Theorem 12.41 that the super fixed point property for nonexpan- 
sive mappings is equivalent to the super fixed point property for asymptot- 
ically nonexpansive mappings in the intermediate sense (see Section 2 for 
the definition). In particular, we obtain fixed point theorems for asymptot- 
ically nonexpansive mappings in both uniformly nonsquare and uniformly 
noncreasy Banach spaces. In Section 3, the above results are extended for 
commuting families of asymptotically nonexpansive mappings in the inter- 
mediate sense. 

It was shown in ^5\ Th. 10] that every Banach space X which contains 
an isomorphic copy of Cq fails the fixed point property for asymptotically 
nonexpansive mappings. Our results support the conjecture that the fixed 
point property for nonexpansive mappings and for asymptotically nonex- 
pansive mappings are equivalent which would imply the failure of the FPP 
inside isomorphic copies of cq. 

2. Main result 

Let X and Y be Banach spaces and let < e < 1. A linear map T : Y — > 
X is an e-isometry if 

(l-e)||y||<||T3/||<(l + e)||3/|| 

for all y EY . Recall that Y is said to be finitely representable in X if for 
each e e (0, 1) and every finite dimensional subspace M C Y there exists 
an e-isometry T : M — > X. 

We say that X is superreflexive if every Banach space Y which is finitely 
representable in X is reflexive. A Banach space X has the super fixed point 
property for nonexpansive mappings (SFPP) if every Banach space Y which 
is finitely representable in X has FPP. It follows from the result of van Dulst 
and Pach [7J Th. 3.2] that SFPP implies superreflexivity. 
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The notion of finite representability is closely related with the construc- 
tion of the Banach space ultrapower. Let U be an ultrafilter defined on a 
set /. The ultrapower X (or {X)u) of a Banach space X is the quotient 
space of 



loo(X) = < (x n ) : x n G X for all n G / and ||(a; n )|| = sup \\x n \\ < oo 
I n 

by 

i (x n ) G loo(X) : lim ||cc n || = oi . 

Here lim denotes the ultralimit over U. One can prove that the quotient 
norm on (X)u is given by 

II M« || = lim \\ X n\\ , 

where (x n )u is the equivalence class of (x n ). It is also clear that X is 
isometric to a subspace of (X) u by the mapping x — > (x)u- 

The connection between ultrapowers and finite representability was ob- 
served independently by Henson and Moore [13], and Stern [21] (see also 

ninaro. 



Theorem 2.1. A Banach space Y is finitely representable in X if and only 
if there exists an ultrafilter U such that Y is isometric to a subspace of{X)u- 

It follows from the above theorem that X has SFPP iff every ultrapower 
(X)u has FPP. 

In 1980, the Banach space ultrapower construction was applied in fixed 
point theory by Maurey [18] who proved the fixed point property for all 
reflexive subspaces of Zq[0, 1] and the weak fixed point property for c$ and 
H 1 . Inspired by [16J, we apply this construction to asymptotically nonex- 
pansive mappings in a slightly more general setting. Recall that a mapping 
T : C — > C is said to be asymptotically nonexpansive in the intermediate 
sense if T is continuous and 

limsup sup {\\T n x - T n y\\ - ||x - y||) < (1) 

(in the original definition, in [2], T was assumed to be uniformly continuous). 
In particular, the condition (TTj) is satisfied if limsup n ^ h00 \T n \ < 1, where \T n \ 
denotes the (exact) Lipschitz constant of T n (and C is bounded). 

Let C be a nonempty bounded closed and convex subset of a Banach 
space X and T : C — > C be asymptotically nonexpansive in the intermediate 
sense. Take a free ultrafilter p on N and denote by C C (X) p the set 

C = {{x n ) p G (X) p : x n G C for all n£N}. 

Let (Af, r<) be a directed set, where 

M = {(a n ) G N N : a < a.\ < ... < a n < ... } 

is a family of all increasing sequences of natural numbers directed by the 
relation (a n ) ^ (/3 n ) iff a n < j3 n for every n G N. Notice that if (x n ) p , (y n )p ^ 
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C and (a n ) G Af, then 

lim(||T Q »x n -T a "y n ||-||x n -y n ||) < limsup sup (||T^-T^||-||a;-y||) < 0. 

n ^ > P n— >oo x,y£C 

Therefore, we may extend the mapping T by setting, unambiguosly, 

f {an) (x n ) p = (T a -x n ) p . (2) 

It is not difficult to see that T( a \ : C — > C is nonexpansive for every 
(a n ) G Af- For x G C, we shall write x = (x) p = (x, x, ...) p . 

Lemma 2.2. Le£ T : C — » C be asymptotically nonexpansive in the inter- 
mediate sense and suppose that there exists y G C such that 

T( an )V = y (3) 

for all (a n ) G Af. Let \\y — x \\ < S for some x G C and S > 0. Then, 
for every e > there exist x G C and n G N such that \\x — x \\ < 5 and 
\\T n x — x\\ < e for every n > no- 

Proof. Since ||y — Xo|| < 5, there exists a sequence (?/ n ) in C such that 
||z/n — ^oll < 8 f° r all n G N and y = (y n ) p . Assume, conversely to our 
claim, that there exists So > such that for every x G C and % 6 N 
there exists n > n such that ||x — x || > 5 or \\T n x — x\\ > e . We shall 
define a sequence (j3 n ) by induction. For n = and y G C ; there exists 
/?o such that ||T^°2/o — y || > £o- Suppose that we have chosen /3 < /?i < 
... < /3 n such that ||T^2/j — yi\\ > Sq for z = 0, 1, ..., n. By assumption, since 
WVn+i - %o\\ < 5, there exists /3 n+i > /3 n such that ||T Al+1 y„, + i -y„+i|| > £ - 
(To be more precise, we can define, for example, /3 n +i as the minimum of 
{(3 > j3 n : ||T^?/ n+ i — y n +i\\ > £ o})- Thus we obtain a sequence (/3 n ) G A/" 



such that ||T^™y n — y n \\ > eq for all n G N. Hence 



t (mv - y 



> e , a 



contradiction with ([3]). D 

A Banach space X is said to have the fixed point property for asymptot- 
ically nonexpansive mappings (in the intermediate sense) if every asymp- 
totically nonexpansive (in the intermediate sense) self-mapping acting on a 
nonempty bounded closed and convex set C C X has a fixed point. 

Theorem 2.3. Assume that X has the super fixed point property for non- 
expansive mappings. Then X has the fixed point property for asymptotically 
nonexpansive mappings in the intermediate sense. 

Proof. Assume that X has the super fixed point property for nonexpansive 
mappings. Let T : C — > C be an asymptotically nonexpansive mapping in 
the intermediate sense acting on a nonempty bounded closed and convex 
set C C X. By [TJ Th. 3.2], X is superreflexive and hence C is weakly 
compact. Without loss of generality we can assume that diamC = 1. Take 
a free ultrafilter p on N, (a n ) G Af, and define T( Qn ) by (J2J). Notice that for 
every (a n ), (f3 n ) G Af and any (z n ) p G C, 



(f (an) o % n) ){z n ) v = (T a "T^z n ) p = {% n) o f {an) )(z n ] 



V 
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It follows from the Bruck theorem (see [31 Th. 1]) that there exists yo G C 
such that T( Q , n )y = Vo for all (a n ) G N (a similar argument but for two 
mappings was used in [TBI Th. 4.1]). Fix e < 1 and x G C. We shall define 
by induction a sequence (rij) of natural numbers and a sequence (xj) of 
elements in C such that 






■j_i|| < 3e-' x and ||T n x.,- — x.,-|| < e? for every n > rij,j > 1. (4) 

By Lemma [2.21 there exist x\ G C and n x G N such that ||T n xi — xi|| < e 
for every n > n\ and ||xi — x || < diamC < 3. 

Suppose that we have chosen natural numbers n 1; ..., rij and x%, ..., Xj G C 
(j > 1) such that 

\\xi — Xj_i|| < 3e* _1 and ||T n Xj — x, ; || < e % for every n > Hi, 1 < i < j. 

Let 

D i = \y = {Vn) P e C? : limsup \\f {an) Xj - y\\ < e> 
\ (a n )eN 

where Xj = (xj,Xj, ...) p and 

limsup \\Ti a \ij — y\\ = inf sup lim |T^"x,- — y n I 

(a„)£jV («") e ^(/3n)b(«n) n ^ p 

denotes the upper limit of the net (||T( Qn )Xj — y\\)( an )ej\f- It is n °t difficult 
to see that Dj is a nonempty closed and convex subset of C (notice that 
ij G Dj). Futhermore, for a fixed ((3 n ) G Af and y G -Dj, 

limsup \\f {an) Xj - T {M y\\ = limsup \\f {otn+M Xj - % n) y\\ 

< limsup \\T(a n )ij - y\\ < e J , 

(on)eA^ 

and hence T^^Dj) C -Dj for every (/3 n ) G A/". Again, by Bruck's theorem, 
there exists yj G Dj such that T( a \yj = yj for all (a„) G A/". Notice that 
||%- — %j\\ < 2£ J < 3£ J and by Lemma |2~2| there exist x.,- +1 G C and n J+1 G N 
such that \\xj + i — Xj\\ < ?>e^ and \\T n Xj + i— Xj + i\\ < e J ' +1 for every n > n^+i. 
Thus we obtain by induction a sequence (n^) of natural numbers and a 
sequence (xj) of elements in C such that (jlj) is satisfied. It follows that (xj) 
is a Cauchy sequence converging to some x G C '. Hence 

1 1 rp'fl II ^ || rjin rpn || | || rjin 1 1 I 1 1 II 

J. Ju Ju ^"^ J. tXj J- JL/ •? II -*- *~' 1 ** / "7 II '*-' 1 *-* 7 

< (\\T n x - T n X j\\ - \\xj - x\\) + e j + 2\\xj - x\\ 

for every n> rij,j > 1 and, consequently, lim n _ s>00 ||T n x — x|| =0. Since T 

is continuous, Tx = x. □ 

A Banach space X is said to have the super fixed point property for 
asymptotically nonexpansive mappings (in the intermediate sense) if every 
Banach space Y which is finitely representable in X has the fixed point 
property for asymptotically nonexpansive mappings (in the intermediate 
sense). We can strengthen Theorem 12.31 in the following way. 
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Theorem 2.4. A Banach space X has the super fixed point property for 
nonexpansive mappings if and only if X has the super fixed point property 
for asymptotically nonexpansive mappings in the intermediate sense. 

Proof. Assume that X has SFPP for nonexpansive mappings and let U be 
an ultrafilter defined on a set /. By Theorem 12.11 {X)u has SFPP, too, 
and it follows from Theorem 12.31 that (X)k has the fixed point property 
for asymptotically nonexpansive mappings in the intermediate sense. By 
Theorem 12. II again. X has the super fixed point property for asymptotically 
nonexpansive mappings in the intermediate sense. The reverse implication 
is obvious. □ 

We conclude this section by giving some consequences of Theorem 12.31 
Recall [2] that a Banach space is uniformly nonsquare if 

sup min{||x + y\\ , \\x — y\\} < 2. 

x,y&S x 

Garcia Falset, Llorens Fuster and Mazcunan Navarro (see |8]) solved a long- 
standing problem in metric fixed point theory by proving that uniformly 
nonsquare Banach spaces have FPP and, in consequence, SFPP for nonex- 
pansive mappings. 

Corollary 2.5. Let C be a nonempty bounded closed and convex subset of 
a uniformly nonsquare Banach space. Then every asymptotically nonexpan- 
sive in the intermediate sense mapping T : C — >■ C has a fixed point. 

In [12] , Prus introduced the notion of uniformly noncreasy spaces. A real 
Banach space X is said to be uniformly noncreasy if for every e > there 
is 5 > such that if f,g £ Sx* and ||/ — g\\ > e, then diam S(f, g, S) < e, 
where 

S(f,g,S) = {xeB x :f{x)>l-S A g(x) > 1 - 6} 
(diam = 0). It is known that both uniformly convex and uniformly smooth 
spaces are uniformly noncreasy. The Bynum space l 2,OQ , which is I 2 space 
with the norm 

IMkoo = max {||.x + || 2 , ||aT||2} , 
and the space X^, which is I 2 space with the norm 



|x||^2 = max { 1Mb, V^Hxlloo \ 



are examples of uniformly noncreasy spaces without normal structure. It 
was proved in pj5] that all uniformly noncreasy spaces are superreflexive 
and have SFPP. This yields 

Corollary 2.6. Let C be a nonempty bounded closed and convex subset of a 
uniformly noncreasy Banach space. Then every asymptotically nonexpansive 
in the intermediate sense mapping T : C — > C has a fixed point. 

Recently, a fixed point theorem in direct sums of two Banach spaces was 
proved in [23]. Assume that X has SFPP (for nonexpansive mappings) 
and Y is uniformly convex, uniformly smooth or finite dimensional. Since 
uniformly convex, uniformly smooth as well as finite dimensional spaces are 
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stable under passing to the Banach space ultrapowers and have uniform 
normal structure, it follows from [2S1 Th. 3.4], that X © Y with a strictly 
monotone norm has SFPP. Thus we obtain the following theorem. 

Corollary 2.7. Assume that X has SFPP and Y is uniformly convex, uni- 
formly smooth or finite dimensional. Then X © Y with a strictly monotone 
norm has the fixed point property for asymptotically nonexpansive mappings 
in the intermediate sense. 

3. Common fixed points 

In this section we generalize Theorem 12.31 for a commuting family of 
mappings. Let {T t : t G T} be a commuting family of asymptotically 
nonexpansive self-mappings in the intermediate sense acting on a nonempty 
bounded closed and convex subset C of a Banach space X. Consider the set 

A = {{(t 1 ,ai),(t2,a 2 ),...,(tk,cxk)} '■ h,...,t k G T, tj ^ tj for % ^ j, 

ai,a 2 ,...,a k G N, k > 0} , 

directed by the relation 

{(ti, ai), (t 2 , a 2 ), ..., (t k , a k )} C {(si, #l), (s 2 , /9a), -, (s mj /S m )} 
iff 

{ti,t 2 ,...,t fc } C {si,s 2 ,...s m } and Vz Vjf (tj = Sj => a { < fa). 
If v = {(tt, ati), (t 2 , a 2 ), ..., (t fc , «fe)} G .A, write 



i v x — i tl i t2 ...i tk X, 



and let 



V = < (v n ) G A : limsup sup (\\T Vn x - T Vn y\\ - \\x - y\\) < 

I, n— >oo x,y£C 

Note that D^0 since ({(£, n)}) neN G £> for every t G T. If (v n ), (it n ) G V, 
define the relation (v n ) ■< [u n ) iff v n C w n for every n G N. It is not 
difficult to see that for every (v n ), (u n ) G V there exists (w n ) G X> such that 
(v n ) di (w«) and (u n ) ^ (u>n)- Indeed, let 

^ = {(4 B) ,ai B) ),(4 B) ,a< B) )..".(*£ ) ,«£ ) )}. 

W n = {(Si , Pl ),(S 2 ,P 2 )?•••) ( s m„ 5 Pm n )h 

and put 

^ n = {(tw.ah, (4 n) ,4 n) ), »., (4:\4l } ) 5 (4 n) ,/?l n) ), (4 n) ,^ n) ), .-, (*£,/©}, 

(5) 
n£N (to shorten notation, we use the convention that if U = Sj for some i, j, 
then the pairs (tj, a,), (sj, (3j) in w n are identified with one pair (tj, aj + /3j)). 
Notice that 

S (( T «J) = hmsup sup (||T„„T Un a; - T^T^j/H - ||x - y\\) 

n— >oo x,y£C 

<s((T Vn )) + s((T Un ))<0, 
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where 

s (( T v n )) = limsup sup (||T„ n x - T Vn y\\ - \\x - y\\). 

n— >oo x,y£C 

Hence (w n ) G V and, clearly, (v n ) ^ (w n ) and (u n ) ^ (u> n )- Thus (D, ^) is 
a directed set. 

Let p be a free ultrafilter on N. Then, for every (x n ) p , (y n ) P G C and 

{vn) ev, 

lim(||T„ n x n -T„ n y n ||-||x n -?/„||) < limsup sup (\\T Vn x-T Vn y\\-\\x-y\\) < 0. 

"■—>£> n— >oo x,y£C 

„ ( 6 ) 
Therefore, we may define unambiguously a mapping T( 1)n ) : C — > C, by 

setting 

It follows from (EJ) that TL ) is nonexpansive for every (v n ) G P. 
We can now prove a counterpart of Lemma | 



Lemma 3.1. Let {T t : t £ T} be a commuting family of asymptotically 
nonexpansive mappings in the intermediate sense acting on a nonempty 
bounded closed and convex subset C of a Banach space X. Suppose that 
there exists y G C such that 

T{ Vn )V = V (8) 

for all (v n ) G T>. Let ||y — xq|| < 5 for some xq G C and 5 > 0. Then, 
for every e > there exist x G C and n G N such that ||x — xq|| < 5 and 
\\T u x — x\\ < e for every u G D'(n), where 

V'(n) = {v = {(tu Oil), {h, a 2 ), •••, (t k , a k )} G A : 
sup (\\T v x - T v y\\ - \\x - y\\) < — — -}. 

x,y&C n+ I 

Proof. Since \\y — £o|| < 5, there exists a sequence (y n ) in C such that 
\\y n — x o\\ < & f° r all n G N and y = (y n ) p . Assume, conversely to our 
claim, that there exists e^ > such that for every x G C and neN there 
exists u G T>'(n) such that \\x — Xq\\ > 5 or \\T u x — x\\ > Sq. We shall define 
a sequence (u n ) G V by induction. For n = and y G C, there exists 
Mo G V{fS) such that ||T Uo ?/o — 2/o|| > £o- Suppose that we have chosen uq G 
T>'(0), u\ G ^'(l), ••., u n G P'(n) such that Hl^y*— y^|| > e for i = 0,1, ..., n. 
By assumption, since ||y n +i — ^o|| < S, there exists u n+ i G ^'(n + 1) such 
that \\T Un+1 y n+ i — y n +i\\ > £o- Thus we obtain a sequence (it n ) G *A N such 
that ||T Un y n - y n \\ > e and 

sup (||T Un x - T Un y\\ - \\x - y\\) < — — 

i.yeC 71 + 1 

for all 7i e N. Hence 

limsup sup (\\T Un x - T Un y\\ - \\x - y\\) = 0, 

n— s>oo x,y£C 



i. e., (u n ) G V. But this contradicts (jHJ), since 



T («„)2/ - 2/ 



>£ - □ 
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We will also make use of the following simple observation. 
Lemma 3.2. For every (u n ) G T> and x,y G C. 

limsup \\% n) x - f {Un) y\\ = limsup \\f (Vn) f (Un) x - T {Un) y\\. 

K)ex> (v n )ev 

Proof. Fix {u n ) G V, x, y G C, and notice that for every {y n ) G V, 
sup \\T(w n )X - f {un) y\\ = sup \\f { v n) f (un) x-f {Un) y\\, 

where (w n ) is defined by ([5]). Hence 

limsup \\f {Vn) x - T {un) y\\ < limsup \\f {Vn) f {Un) x - f {Un) y\\. 
(v n )ev (v„)ev 

The reverse inequality is obvious since T^ Vn ^T^ Un ^x = T( Wn )X and iy n ) ■< 

On)- D 

We are now in a position to prove the following generalization of Theorem 

Theorem 3.3. Suppose C is a nonempty bounded closed and convex subset 
of a Banach space X with SFPP and T = {T t : t G T} is a commuting 
family of asymptotically nonexpansive mappings in the intermediate sense 
acting on C . Then there exists x G C such that T t x = x for every t G T (a 
common fixed point for T). 

Proof. We partly follow the reasoning given in the proof of Theorem l2.31 As- 
sume that X has the super fixed point property for nonexpansive mappings. 
Let T = {T t : t G T} be a commuting family of asymptotically nonexpan- 
sive mappings in the intermediate sense acting on a nonempty bounded 
closed and convex set C G X. We can assume that diam C = 1 . Take a free 
ultrafilter p on N, (i>„) G V and define T( Vn ) by dTj). Notice that for every 
(v n ), (Un) G V and any (x n ) p G C, 

(^W) ° ^))(ln), = (f {Un) O f K) )(x n ) p . 

It follows from Bruck's theorem that there exists y G C such that T( Vn )y = 
y for all (v n ) G P. Fix e < 1 and x G C. We shall define by induction a 
sequence (n,-) of natural numbers and a sequence (xj) of elements in C such 

that 

||xj — Xj-i\\ < Se^ 1 and ||T u Xj — Xj\\ < e 1 for every u G V(nj),j > 1. (9) 



By Lemma [3.11 there exist xi G C and na G N such that ||T u xi — Xi\\ < e 
for every u G V{ni) and ||xi — a?o|| < diamC < 3. 

Suppose that we have chosen natural numbers rii, ..., Uj and X\, ...,Xj G C 
(j > 1) such that 

\\xi — Xi-i\\ < 3e i-1 and \\T u Xi — Xi\\ < e 1 for every u G V'(rii), 1 < z < j. 

(10) 
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(y n ) p G C : limsup \\T {Vn )Xj - y\\ < £ j 
(v„)ev 




limsup \m Vn) Xj - 2/|| = inf sup lim \\T Un Xj - y n \\ . 

Notice that for every (v n ) G T> and rj > 0, there exists k G N such that 
s ^Px, y &c(\\ T vn x - T Vn y\\ - \\x - y\\) < r) for every n > k. Hence v n G V{n 3 ) 
for sufficiently large n and applying the induction assumption (11 Op gives 
lim n ^ p ||^i; n Xj — Xj|| < e J for every (w n ) G P. It follows that ij G -Dj and 
Dj is a nonempty closed and convex subset of C. By Lemma 13.21 for fixed 
(u n ) G V and y G -Dj, 

limsup ||f ( „ n) Xj - f (Un) y|| = limsup ||T K) f (un) Xj - f {Un) y\\ 
(v n )ev (v n )ev 

< limsup HT^Xj - y\\ < e\ 

(v„)ev 

and hence T( Un )(Dj) C Dj for every (u n ) G V. By Bruck's theorem, there 
exists yj G -Dj such that T( Vn yj]j = yj for all (v n ) G P. It is easy to see that 
11%' — %j II < 3£ J and, by Lemma [3TTI there exist Xj + i G C and n^+i G N such 
that \\xj + i — Xj\\ < 36^ and ||T u a;j +1 — Xj +1 \\ < e^ +1 for every u G V'{rij + i). 
Thus we obtain by induction a sequence (rij) of natural numbers and a 
sequence (a^-) of elements in C such that (jSJ) is satisfied. It follows that (xj) 
is a Cauchy sequence converging to some x G C. 

Fix T t <E T and notice that for every n^, there exists kj such that 
{(£, n)} G T>'(rij) for n > fcj, since T t is asymptotically nonexpansive in 
the intermediate sense. Applying (Q gives 

limsup \\T™Xj — Xj\\ < e 3 , j > 1. 

n— Yoo 

Furthermore, 

\\T t n x - x\\ < {\\T t n x - T t n Xj\\ - \\x - Xj\\) + \\T t n Xj - Xj\\ + 2\\ Xj - x\\ 



< sup (\\T?x - T t n y\\ - \\x - y\\) + \\I? Xj - xj\\ + 2| 



\x 



j 



x,y&C 

for every j, n > 1 and, consequently, limsup n _ >00 \\T™x — x\\ = 0. Since T t is 
continuous, T 4 x — x. □ 

Remark. It was proved in [5] Th. 4] that if C is a nonempty weakly compact 
convex subset of a Banach space X and every asymptotically nonexpansive 
mapping of C satisfies the (o;)-fixed point property (which is a little stronger 
than the fixed point property), then the set of common fixed points of any 
commuting family of asymptotically nonexpansive mappings acting on C is 
a nonexpansive retract of C. It is not known whether a similar conclusion 
can be drawn under the assumptions of Theorem 13.31 
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